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ABSTRACT. Frame theory is dynamic with applications to a wide variety of areas. This 
paper is devoted to the introduction and the study of the concept of Controlled operator 
frames for Hilbert C*-Modules. Also we discuss characterizations of controlled operator 
frames and we give some properties. 


1. INTRODUCTION AND PRELIMINARIES 


Frames were first introduced in 1952 by Duffin and Schaeffer [17] in the study of nonhar- 
monic fourier series. Frames possess many nice properties which make them very useful in 
wavelet analysis, irregular sampling theory, signal processing and many other fields. This 
last decade have seen tremendous activity in the development of frame theory and many 
generalizations of frames have come into existence [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 18}. 

In this paper, we introduce the controlled operator frame for Hilbert C*-modules and we 
give some properties. 

Let J be a countable index set. In this section we briefly recall the definitions and basic 
properties of C*-algebra, Hilbert C*-modules, operator frame in Hilbert C*-modules. For 
information about frames in Hilbert spaces we refer to [16]. Our reference for C*-algebras is 
[3, 4]. For a C*-algebra A, an element a € A is positive (a > 0) if a = a* and sp(a) C RF. 
A? denotes the set of positive elements of A. 


Definition 1.1. [2]. Let A be a unital C*-algebra and H be a left A-module, such that the 
linear structures of A and H are compatible. H is a pre-Hilbert A-module if H is equipped 
with an A-valued inner product (.,.)4 : H x H — A, such that is sesquilinear, positive 
definite and respects the module action. In the other words, 
(i) (z,x)4 > 0 for all x € H and (z, 2x) 4 = 0 if and only if x = 0. 

(ii) (ax + y,z)4 = a(x, z)a+ (y,z)a for alla E€ A and z,y,z E H. 

(iii) (yy) a= (ya), for all x,y € H. 
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For x € H, we define ||x|| = ||(z,x)4||2. If H is complete with ||.||, it is called a Hilbert 
A-module or a Hilbert C*-module over A. For every a in C*-algebra A, we have |a| = (a*a)? 


and the A-valued norm on H is defined by |x| = (z, x)3 for x € H. 


Example 1.2. [19] If {Hx}xen is a countable set of Hilbert A-modules, then one can define 
their direct sum ®penHyx. On the A-module @zpenHzx of all sequences x = (£p)ken : Le E He, 
such that the series J en(£k, £k} a is norm-convergent in the C*-algebra A, we define the 
inner product by 
(z,y) = Y (fota 
keN 

for x,y E OrenHe. 

Then keng is a Hilbert A-module. 

The direct sum of a countable number of copies of a Hilbert C*-module H is denoted by 


P(H). 


Let H and K be two Hilbert A-modules. A map T : H —> K is said to be adjointable if 
there exists a map T* : K —> H such that (Tz, y)4 = (x, T*y)a for all x € H and y € K. 

We also reserve the notation End% (H, K) for the set of all adjointable operators from H 
to K and End% (H, H) is abbreviated to End*(H). 

The following lemmas will be used to prove our mains results 


Lemma 1.3. |1]. [fy : A — B is an *-homomorphism between C*-algebras, then p is 
increasing, that is, if a < b, then y(a) < (b). 
Lemma 1.4. [1]. Let H and K be two Hilbert A-modules and T E€ End*(H, K). 
(i) If T is injective and T has closed range, then the adjointable map T*T is invertible 
and 
(OT) da S TT < ITIP. 
(ii) If T is surjective, then the adjointable map TT* is invertible and 
PT") Ic < TT* < |T|’. 
Lemma 1.5. [20]. Let H be Hilbert A-module. If T € End% (H), then 
(Tz, Tx) < ||T||?(z, 2) Va €H. 
Lemma 1.6. [5]. Let H and K two Hilbert A-modules and T € End*(H,K). Then the 
following statements are equivalent: 
(i) T is surjective. 
(ii) T* is bounded below with respect to norm, i.e., there is m > 0 such that ||T*x|| > 
m||x|| for alla E€ K. 


(iii) T* is bounded below with respect to the inner product, i.e., there is m' > 0 such that 
(T*x, T*x) > (2) for alx eK, 
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Definition 1.7. [8] A family of adjointable operators {T; Jez on a Hilbert A-module H over 
a unital C*-algebra is said to be an operator frame for End% (H), if there exist two positives 
constants A, B > 0 such that 
(1.1) A(z, x) < S ien Tix) < B(x, x), Ve E€ H. 

iel 
The numbers A and B are called lower and upper bound of the operator frame, respectively. 
If A = B = X, the operator frame is \-tight. 
If A = B = 1, it is called a normalized tight operator frame or a Parseval operator frame. 
If only upper inequality of (1.1) hold, then {7;}je;7 is called an operator Bessel sequence for 
End% (H). 
If the sum in the middle of (1.1) is convergent in norm, the operator frame is called standard. 


Throughout the paper, series like (1.1) are assumed to be convergent in the norm sense. 


2. CONTROLLED OPERATOR FRAME FOR End4 (H) 


Let GL*(H) be the set for all positive bounded linear invertible operators on H with 
bounded inverse. 


Definition 2.1. Let C,C’ € GL*+(H), a family of adjointable operators {T;}er on a Hilbert 
A-module H over a unital C*-algebra is said to be an (C,C")-controlled operator frame for 
End% (H), if there exists two positives constants A, B > 0 such that 
(2.1) A(z, £} < S (TOLTO x) < B(x, x), Vr E H. 

iel 
The numbers A and B are called lower and upper bounds of the (C, C’)-controlled operator 
frame , respectively. 
If A = B, the (C,C’)-controlled operator frame is tight. 
If A = B = 1, it is called a Parseval (C,C")-controlled operator frame . 
If only upper inequality of (2.1) hold, then {T;};e; is called an (C,C")-controlled operator 
Bessel sequence for Enda (H). 


Example 2.2. Let T € GL*(H) and (2;);er be a T-controlled frame from H 
Let (Ti)ier E End (H) such that : T;(z) = (x, zie; Viel,VWcreH 
, where (e;, ej} = 6;;1,4 from definition of (x;)ie7, there exist A, B > 0 such that : 
A(z,x) < S_(La, xi) (ai, 2) < Bigs) Ve EH 
iel 
A(z, x) < eg: ti) Cz, ei) (zi £) < B(x, x) Vc EH 
iel 
A(x, £) < > (To men (£i, £)ei)ei) < B(x, £) YzeH 


wel 
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So, 
ALG oy < » Gre ts) < B(x, a) Va €H 
i€l 
Then (I’;)ier is a (T, dy,)-controlled operator frame for End (H) 


Let {T;}ier be a (C,C’)-controlled operator frame for End*,(H). 


The synthesis operator Too : P(H) — H is given by 
ro. $ 
Too! ({yi}ier) = pele Try — V{yi}ier € P (H) 
ie] 

is called the synthesis operator for the (C,C’)-controlled operator frame {T;};er. 
The adjoint operator T œ : H > P({H}) given by 
(2.2) Tr(a) ={T(C'C)tt}ier Vn CH 
is called the analysis operator for the (C,C’)-controlled operator frame {Thier - 
When C and C’ commute with each other, and commute with the operator TT; for each 
i € I, then the (C,C’)-controlled frames operator: 

Soc : U — U is defined as: Scot = Teg Tet = Vier CLECx 
In the next we suppose that C and C’ commute with each other, and commute with the 
operator T;T7 for each i € I. 


Proposition 2.3. The (C,C")-controlled frame operator Soc ts bounded, positive, seflad- 
joint and invertible. 


Proof. From definition of the (C,C’)-controlled frame operator we have: 
A(z, 2) < S DOr DOn =y ORTONE 
ie] ie] 
SIE ORTONA 
i€l 
= (Soc T, 2) 
By definition Soc is bounded . Then Sog is a positive operator. On the other hand, we 
have: 
(Scot, y) = o> CT ROE x) 
ie] 
=) CT TOTA) 
iel 
= (2,CT:T;C'y) 
iel 


= (x, Sorcy) 


CONTROLLED OPERATOR FRAMES FOR End4 (H) 5 


So Shar = Sorc, but C'C = CC , then Sac = Sco- From the hypothese C and Cc 
commute with each other, and commute with the operator 7;7% for each i € I, we have : 
Soc’ = So'o, so the controlled operator frame is self adjoint. 


Also, we have : 


A(z, £) < (Soot, 2) < Biz, x) 











Thus the controlled operator frame Soc is invertible. 





Theorem 2.4. Let {T;}icr € End4 (H) andC,C’ € GL (H), suppose that Yc, (T:Cx, T;C' x) 
converge in norm for any x € H. Then {T;}ier is a (C,C')-controlled operator frame for 
End (H) if and only if there exist two constants positives A and B such that: 


(2.3) Allz||? < || })(GiCz,T.C’x)|| < Bilal? 
iel 
Proof. We suppose {T;}ier is a (C,C’)-controlled operator frame for End*,(H). Then : 
(2.4) A(z, x) < Y TOLDO x) < Bie ey, Va E€ H. 
i€l 
Since 0 < (zx,x) for all x € H, then we can take the norme on the left, middle and right 
terms of the above inequality (2.4), thus we have : 


A(z, 2)|| < || $o(T:Cx, T;C'x)|| < || B(x, 2) | 


icI 
=> All|? < | TOs, T.C'x)|| < Bll 
icI 
Conversely, suppose that (2.3) holds, the (C,C’)-controlled operator frame Soc is positive 
and self adjoint and invertible, then: 


ooi Saat) = (Scoot, £) 
sF OT TOn 
ier 
= (Chics a) 
wel 
DDoe ra 
wel 


So 


(2.5) VAlla|| < (|SZQ-2l] < VBllel| 
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According the lemma 1.6 , there exist constant m, M > 0 such that : 
1 1 
TD, £) < (Sot Sgot) 


= Ñ (T;,Cz,T,C' £) 
icl 


< Mlz, x) 














Therefore {T;}ier is a (C, C’)-controlled operator frame for End*,(H) 


Definition 2.5. Let C € GL? (H), the sequence {T;}icr E€ End*;(H) is said to be a (C, C)- 
controlled operator frame or C?-controlled operator frame if there exist two positives A, B > 
0 such that : 


(2.6) AG;%) < X (T,Cz,T;C2) < B(x, x), Vr E€ H. 

iel 
or equivalently 
(2.7) Allel? < | $°(iCx,T:Cx)|| < Bilal?, Yz € H. 

iel 
Theorem 2.6. Let {Ty}ier E End4 (H) ,suppose that 7,.,(Tja, Tix) converge in norm for 
allx E€ H. Then {Tjhier is an operator frame for End4(H) if and only if there exist two 
positives constants A,B > 0 such that 

Allz|? < | >> (fiz, Tie) || < Bilz|?, veez 
iel 


Proof. Result of the theorem 2.4 for C = C’ = Idy 














Let C € GLt(H),and {T; hic; a family of adjointable operator in H. 


Proposition 2.7. {T;}icr is an operator frame for H if and only if {T;}ier is a C?-controlled 
operator frame for H . 


Proof. Suppose that {T;}ier is a C?-controlled operator frame with bounds A and B, then : 
(2.8) Aliz]? < || X (T,Cz, T,Cx)|| < B\|z||?, Va €H. 
i€l 
Now, for any x € H we have: 
Alla||? = A||CC~*a||? 
< AJCC]? 
DD o o D (Tz, Tz) | 
icI icI 
Hence : 


(2.9) Al|C||*llz|? < IX Tz, Tæ) 


wel 
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Again for any 7 E€ H : 
(2.10) IS (Tix, Tix)|| = || )(CC2, FCCz)|| < B\|C™*a|? < BIC |? |la|? 
iel iel 
By (2.9), (2.10) and theorem 2.6 we have {T;ẹ}ez is an operator frame with bounds A||C||~? 
and B||C71||?. 
Conversely, let {T; }er be an operator frame with bounds A and B, then : 


(2.11) AG) < S° (Tix, Tix) < B(x, x) V2 EH 
iel 
so for all x € H we have: Cx € H and: 
(2.12) 5 (ROL, TC) < B(Cz,Cx) < BICI (2,2) 
iel 


Also for any « € H we have : 


(2.13) A(x, £) = A(C Or, 0 Cx) 

(2.14) < Al|C"|/?(Czx, Cx) 

(2.15) < IEA TCRO) 
icl 


from (2.12) and (2.13) we have : 
(2.16) AIC" |" r, £} < X (T;Cx,T;C2) < B||C||? (x, 2). 


icl 


then {T;}ie7 is a C?-controlled operator frame with bounds A||C~*||~? andB||C||?. 
Let C, C" € GL+(H), then {T;},er is a (C,C’)-controlled operator frame 














Proposition 2.8. Let {T;}icr be an operator frame for End (H). with frame operator Sr 
. Then {T;}ier is a (C,C")-controlled operator frame . 


Proof. Let {T;}icr be an operator frame with bounds A, B, then we have : 
Allel? < | X (ix, Tix) || < Bilal?, Vz € H. 


icI 

(2.17) => Aljz||? < I (Spx,2)|| < Bilal’, Va EH. 
but : 

IS TCS T,C's)|| = | (Scqrx, 2)|| 
iel 
and , 
(2.18) IX T:Cx, TCs) = ICIC II S (Tz, Tiel 
icI icI 


(2.19) = |ICINC IIll(Sre, «)|| 
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then we have : 
ACIC Iel? < | So (4Cx, T:C’x)|| < BICC Iel? 
iel 
From, we conclude that {T;}er is a (C, C’)-controlled operator frame with bounds A||C||||C" || 
and B||Cl|||C' |. 














Theorem 2.9. Let C,C’ € GL*(H) and {T;}ier be an operator frame for End*,(H). Then 
the sequence {T;}ier is a (C,C’)-controlled Bessel operator frame with bound B if and only 
if the operator Toc : ?(H) + H given by 


Too'({yibier) = X (CCT  Wyihier € PCH) 


is well defined and bounded operator with ||Tec\| < VB 


Proof. Let {T;}ier be a (C, C’)-controlled Bessel operator frame with bounds A and B, then 


| XC (T:Cx,T:C'£}\| < Biel? VveeH 
ier 


In the other hand, for any sequence {y; Jier € 1?(H) we have : 























ITee Lyihier) |? = sad II (Zoe Lyi hier), 2) ||? 

LEH, || x|/=1 

= sup MM) (CC PT m a)l? 
zEHlel=1 jer 

< sup |X wu) sup |X (TCCs, T (CC) 2) 
xEH,l|el=1 Gey xEH,||æl|=1 PE: 

= sup |Y woul sup || > TCr, TC) 
tEH,||x|/=1 icI zEH,||x||=1 icI 

< B\l{yi}ier||? 

then 
IITco'll < VB 


So the operator Tog is well defined, bounded and ||Toe' || < VB 
The converse is clear . 














Proposition 2.10. Let {Tj}ier and {Vi}ier be two (C, C’)-controlled Bessel operator frame 
for End (H) with bounds Bı and Ba respectively. 
The operator Log : H — H given by : 


(2.20) Loa) = y Cl RCs 


icl 
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is well defined , bounded and adjointable with |Loc || < V Bi Ba. 
and, 


(2.21) Lades CHT CT 
i€l 
Proof. For all x € H we have : 


| OTRO] = sup oS CT?T;Cz,y)||? 


icI YEH |yll=l ier 


= sup S TORTO y 


yEH|yII=l jeK 


< sup | S(NCex,T%Cz)lll| YE E:C'y, r:C'yy| 
y 


=1 




















iEl iEK 
< ||) (TCz, T.C2) | F 
wel 
< B,By|\z\|? 


then , ||Zoc’|| < VBiB2 Morover, we see that : 


(Leet, y) = (9° CTITCs, y) = }“(CTITCs, y) 


wel icl 
=P OnT y= A TC 
wel wel 
Thus: 
(2.22) i ges > CEC a 
ier 














Theorem 2.11. Let {T;}ier be a (C, C’)-controlled operator frame for End*,(H) and {Ti }ier 
be a (C,C")-controlled Bessel operator frame for End*,(H). Assume that C and C" commute 
with each other and commute with T*T;. If the operator Loc defined in (2.20) is surjective 


then {T;}ier is also a (C,C")-controlled operator frame for End*,(H) 


Proof. {T;}ier is a (C,C’)-controlled operator frame for End% (H), then by theorem 2.9 the 


operator Too : ?(H) + H given by 
Too ({yihier) = ACC) Ty Veysbier € PH) 
icl 
is well defined , bounded and adjointable 
his operator adjoint is: TZ, : H —> I’ (H) given by 


Ti v(t) = (T(C'C)?r)ier 9 Ve CH 
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Since {T;};ez is also a (C, C’)-controlled Bessel operator frame, by theorem 2.9, the operator 
Poo : P(H) > H given by 


Poo ({yitier) = X (CC')T}y  W{uiJier € P(H) 


iel 
is well defined and bounded operator, his operator adjoint is: Pœ : H — I?(H) given by 


Pt w(x) =(Ti(C'C)?z)ier WeeH 


Hence, for any x € H, the operator defined in (2.21) can be written as 


leg =) OnO = Peal ot 
iel 
Since Loc is surjective, then for any x € H, there exist y € H such that: 
t= Leo (y) = Poor Teac (u) and Tho (v) € PCH). 
This implies that Pog is surjective. 
As a result of lemma 1.6, we have Pag 8 bounded below, that is there exist 0 < m such 
that : 


m(x, £) ty Pot) 


m(x, £) < (Pog Pag 2, x) 


mia, #) < (Y(C'C)ALIT\(C'C) 22, 2) 
iel 
= mlz, z} < S T:n, T;C x) 


wel 


=> 
=> 














Hence {Thier is also a a (C,C’)-controlled operator frame for End4 (H) 


Theorem 2.12. Let (H, A, (.,.).4) and (H, B, (.,.)g) be two Hilbert C*-modules and let  : 
A — B be a *-homomorphism and 0 be a adjointable map on H such that (0x, Oy), = 
y((r,y)4) for all x,y € H. Also, suppose that {T;}ier be a (C,C")-controlled operator 
frame for End\(H) with frame operator S4 and lower and upper operator frame bounds A, 
B respectively. If 6 is invertible, then {0T;}icr is a (C,C')-controlled operator frame for 
Endg(H) with frame operator Sg and lower and upper operator frame bounds ||(0*6)~'||-'A 
and |\0||?B respectively, and (Spx, y)pB = y( (Sax, y) a). 


Proof. By the definition of (C,C")-controlled operator frame, we have : 


A(z, x)a SY (TOn RO x), < Ble,z)a, Va EH. 


iel 
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by lemma 1.3, we have: 


(Ala, 2).4) < o(S (T;Cx,T,C'x) 4) < p(B(a, £)a) 


icI 

= = Ay((z,2)4) < X UTCI, T.C'z) 4) < By((x,2).) 
wel 

= Alba, Or)g < S-(OT,Cx, 0T;C'x) 4 < B(Ox, Ox) p 


wel 


By lemma 1.4, we have : 


(0*0) [7 (a, £) < (0x, 0x) < |0|? (x, 2) 8 
then 
(00 "Ale, £)g < X (0T;Cz, OT,C'x) 4 < ||6||? B(x, 2) 
icl 
then {0T;}er is a (C,C’)-controlled operator frame for End4(H) with frame operator Sg 


and lower and upper operator frame bounds ||(6*@)~1||~'A and ||@||?B respectively 
On the other hand, we have : 


o((Saz,y)a) = eC), C'T/T:Cz, y) a) 
icl 
=> PCR y) a) 
ier 
= X o((TiCz,T:C'y)) 
icl 
= X_(0T;C x, 0T;C'y)a) 
icl 
= ($ C'(6T))"0T,Cz, y) 4) 
icl 


z (SBT, Y)B 














3. TENSOR PRODUCT 


Theorem 3.1. Let H and K be two Hilbert C*-modules over unitary C*-algebra A and B 
respectively. Let C,C’ € GL+(H) and C1, C2 E€ GL*(K), also, let {T;}ier a (C, C’)-controlled 
operator frame for Endg(H) and {Tihier a (C1, C-controlled operator frame for Endg(K) 
with frames bounds (A, B) and (C, D) respectively, then {T; ®T;} is a (C 8 C1), C ® C2)- 
controlled operator frames for Endhog H ® K) with bounds AC and BD with operator frame 
S = Sr Q Sp 
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Proof. By the definition of (C,C")-controlled operator frame {T;};e7 and (C1, Cz)-controlled 
operator frame {T;};e7 we have 


Alz, sja < SU(T;Cz,T,C 2), < Biz,z)4, Ween 


iel 
and 
Cly,y)e < X T:Ciy, TiCry)e < Diy,y)s, Vy eK 
iel 
therefore 
A(z, L)A@CYy,y)B < X (T,Cs, T,C'x) 4 ® So iCry, T:C2y}g < B(x, x), ® Diy, yg 


ie] icI 
then we have : 


(AB)( (8y, £8y)aseB) < X` (TiCx@liCry, T;C'£8T:C2y) see) < (CD) ((x@y, 8Y) age) 


(A® B)((£ 8Y, £ 8 y) res) 
< X (Tc Q T;C1)(2 8 y), (GC 9 T:C2)(£ 8 y)) aes) 
< (CD)((x & y, £ 8 y) sas) 

then 


(AB)((£ @ y, 2 @ y).ags) 
<SU(G@T)(C @Ci)(# 8 y), (T: @Ti)(C’ @ C2) (2 @y)) ses) 
i€l 
< (CD) ({r 8 y, £ ® y) 48B) 
the last inequality is satisfied for every finite elements in H ® K and then it is satisfied for 
alz € H@K. It show that {T; @T,} is a (C & C1), C @ Cy)-controlled operator frames for 
Endiye3(H ® K) with bounds A & C and B® D In other hand we have : 
(Sr 8 Sr)(z 8 y) = (Sra) ® (Sry) 
=) OT hC g O CIT Cy) 
icI icl 
=S(CT;T,Cz @ CTT Cry) 
i€l 
= (CTC 8 CLT C1)(# @y) 
i€l 
i€l 
= Srer(x @ y) 


Now, by the uniqueness of frame operator, we have: Sr ® Sp = Srer 
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